Let A = i 0 A i be a d-Koszul algebra and M = i 0 M i be any finitely 0-generated graded A-module with a pure resolution. It is proved that M is a discrete Koszul module under some additional conditions. Moreover, we can extend the results to the case of δ-Koszul algebras.
Introduction
Koszul algebras, a class of positively graded quadratic algebras possessing many amazing homological properties and applications in different areas of mathematics, were first introduced by Priddy in 1970 (ref. [7] ). Since then, more people became interested in this class of algebras and many new extensions of this theory have been done recently. For instance, motivated by cubic Artin-Schelter regular algebras (ref. [1] ), Berger first generalized Koszul algebras from the quadratic case to the higher homogeneous case and introduced nonquadratic Koszul algebras (ref. [2] ) in 2001 and 3 years later, Green et al extended this class of algebras to the nonlocal case and called them d-Koszul algebras inspired by the Quiver theory (ref. [4] ), Green and Marcos introduced δ-Koszul algebras with the aim to study the finite generation property of the Yoneda algebras of graded algebras (ref. [3] ) in 2005, to capture some ArtinSchelter regular algebras of global dimension five, Chen and the author of the present paper introduced the discrete Koszul objects in 2012 (ref. [6] ), and so on.
Let A be a d-Koszul algebra (d 2) and M a finitely 0-generated graded module with a pure resolution, or equivalently, δ-Koszul module (ref. [3] ), over A. Now an interesting question is: What does the set function δ : N → N look like? Is it arbitrary or has some special properties? It is too difficult to answer the questions generally. The main aim of this short paper is to discuss the "shape" of δ under some additional conditions. In particular, we prove Theorem 1.1. Let A be a standard graded algebra and M a finitely generated graded module over A. Set
the Yoneda algebra of A and the Ext module of M , respectively. Suppose that there exists a positively integer k such that
for all n 0.
If
A is a d-Koszul algebra and M a δ-Koszul module. Then the set function δ has the form
That is, M is a discrete Koszul module, and more generally, 2. if A is a δ 1 -Koszul algebra and M a δ 2 -Koszul module over A. Then the set function δ has the form
That is, M is also a discrete Koszul module.
Notations, Definitions and Basic Properties
Throughout, k denotes a fixed field and N the set of natural numbers. A positively graded algebra A = i 0 A i will be called standard if
, a finite product of the base field k;
It is easy to see that the graded Jacobson radical of a standard graded algebra is i≥1 A i , usually denoted by J.
For finitely generated graded modules over standard graded algebras, the following result is basic but useful: Proposition 2.1. Let A be a standard graded algebra and M a finitely generated graded module over A. We have the following statements:
1. There exists a graded projective A-module P , such that P → M → 0 is a graded projective cover.
2. Let P → M → 0 and Q → M → 0 be two graded projective covers of M . Then P ∼ = Q as graded A-modules.
3. Let P → M → 0 be a graded projective cover. Then P and M are generated in the same degree(s).
4. M has a graded projective resolution
Moreover, such a resolution is unique up to isomorphisms.
Proof.
(1) Note that M is a finitely generated graded A-module, then without loss of generality, we can assume that M = M 0 ⊕ M 1 ⊕ M 2 ⊕ · · · , and which can be rewritten as
Obviously, f is an epimorphism of graded A-modules. Observe also that
which implies that P → M → 0 is a graded projective cover.
(2) See (Proposition 2.4, 6) of [5] . (3) From the construction of the graded projective cover in (1), it is clear since for any graded A-module X, the A 0 -space spanned by the minimal generators of X is exactly X/JX, and that for the graded projective cover of X is also X/JX.
(4) It is immediate by (1)-(3).
We usually call a graded projective resolution of (Proposition 2.1, (4)) a minimal graded projective resolution. Now we recall some definitions which will be used later.
Definition 2.2. Let A be a standard graded algebra and M a finitely generated graded A-module. Let
be a minimal graded projective resolution.
1. M is called a d-Koszul module provided that each graded projective module Q n is generated in degree δ d (n), which is a set function from N to N defined by
where d > 2 an integer.
In particular, if the trivial A-module A 0 is a d-Koszul module, then A is called a d-Koszul algebra.
2. M is called a discrete Koszul module provided that each graded projective module Q n is generated in degree β(n), which is a set function from N to N defined by
where 0 q < t 1 < t 2 < · · · < t p−q−1 < d are fixed integers.
In particular, if the trivial A-module A 0 is a discrete Koszul module, then A is called a discrete Koszul algebra.
3. M is called a δ-Koszul module provided that each graded projective module Q n is generated in degree δ(n), which is a set function from N to N satisfying δ(0) = 0 and δ(1) = 1.
In particular, if the trivial A-module A 0 is a δ-Koszul module, then A is called a δ-Koszul algebra.
Remark 2.3. The notion δ-Koszul algebras in Definition 2.2 is different from its original definition, it is called δ-resolution determined algebra in [3] .
The proof of the main result
We will prove Theorem 1.1 in this section.
Lemma 3.1. Let M be a δ-Koszul module. Then δ(n+1) > δ(n) for all n 0.
Proof. By definition, M admits a minimal graded projective resolution
such that each Q n is generated in degree δ(n). For each n 0, note that
is a graded projective cover, by Proposition 2.1, ker d n is generated in degree δ(n + 1) since Q n+1 is generated in degree δ(n + 1). Observe also that the resolution is minimal, which means that ker d n ⊆ JQ n for all n 0, which implies that δ(n + 1) > δ(n) for all n 0 since Q n is generated in degree δ(n). Lemma 3.2. Let A be a standard graded algebra and M a finitely generated graded module over A.
A is a δ-Koszul algebra iff Ext
Proof. We only prove (1) since (2) is similar.
(⇐) By the hypothesis, the trivial A-module A 0 admits a minimal graded projective resolution
such that each Q i is generated in degree δ(i). Note that the resolution is minimal and A 0 is semisimple, we have
Note that A 0 [−j] is concentrated in degree j, which implies that Hom 
where Q i is the i th projective graded module in the minimal graded projective resolution of A 0 . Now by the hypothesis, Ext
Therefore, Q i is generated in degree δ(i) for all i 0. 
Proof. Obviously, we have
for all n 0. Note that A is a d-Koszul algebra and M is a δ-Koszul module, then by Lemma 3.2, we have 
since E(A) is a bi-graded algebra and E(M ) is a bi-graded E(A)-module. By Lemma 3.1, we obtain the following ascending chain of natural numbers δ(0) < δ(1) < · · · < δ(k−1) < δ(k) < δ(k+1) < · · · < δ(2k−1) < δ(2k) < · · · .
Note that δ(mk + p) = mδ(k) + δ(p) = mδ d (k) + δ(p) for all m 0 and p < k, the above ascending chain induces the following chain δ(0) < δ(1) < · · · < δ(k−1) < δ d (k) < δ d (k)+δ(1) < · · · < δ d (k)+δ(k−1) < · · · .
Therefore, the set function can be expressed as δ(n) = n − r k δ d (k) + δ(r) n ≡ r (modk), as desired.
Lemma 3.4. Use the notations and assumptions of Theorem 1.1. If A is a δ 1 -Koszul algebra and M a δ 2 -Koszul module. Then the set function δ 2 has the form δ 2 (n) = n − r k δ 1 (k) + δ 2 (r) n ≡ r (modk).
Proof. Replace δ d by δ 1 and δ by δ 2 in the proof of Lemma 3.3, then we are done.
By Lemmas 3.3 and 3.4, we finish the proof of Theorem 1.1.
